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Demonstration of analytic and null distributions of surrogates under null hypothesis for Mutual Information
examples, octave, matlab

Demos > Null distributions

Null distributions

This demonstration set shows how to generate resampled distributions of MI and TE under null hypotheses of no source-destination relationship,
and also investigates the correspondence between analytic and resampled distributions.

As detailed in section II.E of the paper describing the toolkit (see InfoDynamicsToolkit.pdf in the distribution), MI, conditional MI and TE will
have non-zero bias even for unrelated data when they are estimated from a finite number of samples. Knowing the distribution of this bias is
crucial for interpreting whether a sample value of TE, say, indicates a significant directed relationship between the variables, or is just an artifact
of random fluctuations. One can compare a sample measurement to the distribution in order to make this judgement.

There are some known analytic forms for the distribution of these biases (see refs. 1-4 in the References section below), but otherwise the
distribution must be formed by resampling methods, see: Example 3 of the Simple Java Demos, section II.E of the toolkit paper, and refs. 5-10
below. Resampling means creating surrogate source time-series, and taking a population of surrogate measurements from these surrogate
source time-series to the destination (in particular we use permutations rather than bootstrapping in JIDT). This demo compares the analytic
forms (for the estimators they apply to) to those generated by resampling (which is more computationally intensive, but represents the ground
truth).

The demo is run under Octave or Matlab. If run in Matlab, it requires the statistics toolbox for access to the chi2cdf function.

The demo is available in the distribution at demos/octave/NullDistributions.

MI - discrete variables

We compare the analytic null distribution for MI for discrete variables against that obtained by resampling in
checkMiDiscreteNullDistribution.m. Run this for example as:

[mis] = checkMiDiscreteNullDistribution(10000, 100, 0.5, 0.5);

to examine the distribution (resampled 10000 times) of MI obtained from sets of 100 samples of unrelated binary variables, each with p=0.5
probability of being a 0 or 1. A sample plot obtained from these parameters is:
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We can see the agreement between the analytic and resampled versions here is very good.

The agreement is not so good for skewed variables however. If we run:

[mis] = checkMiDiscreteNullDistribution(100000, 100, 0.05, 0.05);

i.e. with binary variables each with only p=0.05 of being a 1, then we get the following sample plot:

In fact, the analytic distribution does not take the skewing of the variables into account (see the code), only number of samples. We know
however that for skewed variables in general the MI will be lower. This is borne out in the plot above where the analytic and resampled
distributions do not match as well.

This can be a problem where for example we wish to use the distribution to confirm whether the sample measurement indicates a significant
relationship or not. If we use an α=0.05 cutoff (i.e. CDF=0.95), represented by the blue line on the plot, we see that the analytic distribution
would result in an MI threshold being around double that determined by the resampling.

>> This would make a big difference to our conclusions, so for a small number of samples (which is usually what we are dealing with) it is more
accurate to stick with resampling. <<

The analytic distributions are asymptotically correct though as our number of samples gets larger. We can see this if we run our function again
for the same skewed variables but for 100x more samples:

[mis] = checkMiDiscreteNullDistribution(100000, 10000, 0.05, 0.05);
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which gives the following sample plot showing a good agreement now between the distributions:
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